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1 Applications of Baire’s Theorem II: The Closed Graph
Theorem

1.1 Differential operators and the open mapping theorem

Last time, we had a differential operator P(D) on R™ with constant coefficients and of
order m such that if v € C™(Q), with Q C R" open, then Pu =0 = u € C™(Q).
Write P(D) = ngm a,D®.

Proposition 1.1. If [Im(¢)| — oo as || — oo, then ¢ € P71(0) C C"*, where P(() =
2 ja]<m Qo™

Example 1.1. If P(D) = -A = 37", ng, then P(¢) = >°7_, (G =¢-¢for¢ecCm
We get P~1(0) = {¢ € C" : |Re(¢)] = |Tm()],Re(<) - Im() = 0}. So [¢| — oo along
P710) < |Im(¢)| — oo along P~1(0).

Example 1.2. Consider also the Schrodinger equation: idyu = —Aju, where (z,t) €
R™ x R. Then P(Dy,Dy) = > D?cj + D gives us the polynomial P(§,7) = &£ - £+ 7, where
¢ €R" and 7 € R. If [¢] + |7| — oo along P~1(0), the Schrédinger equation has a solution
in C%\ C3.

Proof. Let Fy = {z € C™"(Q) : Pu= 0} and Fy = {z € C™(Q) : Pu= 0}. Then Fy and
Fy are Fréchet spaces. Our assumption is that the inclusion map F; — Fb5 is surjective.

By the open mapping theorem, the inverse Fo — F} is continuous. So for any compact set
K C Q, there exists a compact set K’ C Q and C > 0 such that

Z sup |0%| < C Z sup |0%u|
Ja|<m+1 K |a|<m K

for any u € Fy} = Fy. If ( € C" is such that P(¢) = 0, then apply this inequality, where
u(x) = e@C. Then P(e™¢) = P({)e¢ = 0. So we get

al,—zIm() ~ C o —z-Im(¢)
su & sup e .
> P ¢ <C Y Kl up

lo| <m+1 lal<m



So there exists C > 0 such that

Yo 1< efMmOLN T = o1+ [¢)™).

|a|<m+1 la|<m

It follows that | Im({)| — oo when |(| — oo and P({) = 0. O

1.2 The closed graph theorem

Definition 1.1. Let T : D(T) — Fy, where D(T) C F; and F, Fy are Fréchet spaces.
We say that T is closed if when z,, € D(T) with x,, — x € F} and Tz, — y € F5, then
x € D(T) and y = Tx.

Note that T is closed iff the graph of T, G(T') = {(z,Tz) : « € D(T')} is closed in
Fy @ Fy. If T is linear and closed, then the graph of T is a Fréchet space (as a closed linear
subspace of a Fréchet space).

Theorem 1.1 (closed graph theorem). Let T : D(T') — F» be a closed linear map, where
D(T) C Fy. Then either D(T) is of the first category in Fy, or D(T) = Fy and T is
continuous. The range of T is either of the first category, or it is all of F5.

Proof. For the first statement, apply the open mapping theorem to the linear, continuous,
injective map G(T') — F} given by (z,Tx) — x. For the second statement, apply the open
mapping theorem to the map G(T') — F; given by (z,Tx) — T'z. O

Corollary 1.1. Let H be a Hilbert space, and let T : H — H be linear such that F(T) = H
and T is symmetric ((Tx,y) = (x,Ty)). Then T is continuous.

Proof. Check that 7' is closed. If 2, -« € H and T'x,, -y € H, then (T'xy,, 2) = (x,, Tz)
for all z € H. Then (y,z) = (z,Tz) = (Tx,z) for all z, so y = Tx. O

Corollary 1.2. Let By, By, Bo be Banach spaces, and let T be closed linear maps D(T;) —
B; with D(T;) C By for j = 1,2. If D(Th) C D(T), then there exists some C > 0 such
that || Tox|| < C(|Trzl|B, + lzllB,) for any x € D(Th).

Proof. Consider the map T : G(T}) — By sending (z,Tiz) — Tox. It suffices to show
that 7" is closed. Suppose that (z,, Ta,) converges in G(T1) and (Thz,) converges in Bs.
Ty is closed, so z, — = € D(T), and Tyx,, — Tix. Tb is closed, so z € D(T3), and
Tgl’n — TQIE. ]
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